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We consider the following boundary value problem:
ny p n ny1y1 D y s F k , y , D y , . . . , D y , n G 2, 0 F k F N , .  .
Di y 0 s 0, 0 F i F p y 1, .
Di y N q 1 s 0, p F i F n y 1, .
where 1 F p F n y 1 is fixed. Using a fixed point theorem for operators on a cone,
we develop criteria for the existence of two positive solutions of the boundary value
problem. In addition, upper and lower bounds for these positive solutions are
established for special cases. We also include several examples to dwell upon the
importance of the results obtained. Q 1998 Academic Press
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1. INTRODUCTION
 .Let c, d d ) c be integers. We shall define the discrete interval
w x  4c, d s c, c q 1, . . . , d . All other interval notation will carry its standard
 .meaning, e.g., 0, ` denotes the set of positive real numbers. For a
nonnegative integer n, we also define the factorial expression k n. s
ny1 . 0.  .  .  . k y i with k s 1. Let D y k s y k q 1 y y k and, for n G 2,is0
n  .  ny1  ..D y k s D D y k .
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In this paper we shall consider the nth-order difference equation
nyp n ny1 w xy1 D y s F k , y , D y , . . . , D y , k g 0, N , 1.1 .  . .
together with the two-point right focal boundary conditions
Di y 0 s 0, 0 F i F p y 1, .
1.2 .
Di y N q 1 s 0, p F i F n y 1, .
where n, p, and N are fixed integers with n G 2, 1 F p F n y 1, and
N G p. Throughout, it is assumed that there exist continuous functions f :
 .  . w x0, ` ª 0, ` and a, b: 0, N ª R such that
 .  .A1 for u g 0, ` ,
F k , u , u , . . . , u .1 ny1
a k F F b k ; .  .
f u .
 .  . w xA2 a k is nonnegative on 0, N and is not identically zero on
w xp, N .
We also introduce the notations
f u f u .  .
f s lim and f s lim .0 `q u uuª`uª0
 .  . w xBy a positi¨ e solution y of 1.1 , 1.2 , we mean a nontrivial y: 0, N q n
w .  .  .ª 0, ` satisfying 1.1 and 1.2 . Using a fixed point theorem for opera-
tors on a cone, we shall develop criteria for the existence of two positive
 .  .solutions of 1.1 , 1.2 . Further, we shall consider the following particular
 .  .cases of 1.1 n s 2, p s 1 :
2 m n w xD y q h k y q y s 0, k g 0, N , 1.3 .  .  .
and
2 s y w xD y q h k e s 0, k g 0, N , 1.4 .  .
subject to the boundary conditions
y 0 s D y N q 1 s 0. 1.5 .  .  .
 . w xIt is assumed that 0 F m - 1 - n , s ) 0, h k is nonnegative on 0, N
w xand is not identically zero on p, N . In addition to providing existence
 .  .  .  .results for double positive solutions of 1.3 , 1.5 and 1.4 , 1.5 , we shall
also establish upper and lower bounds for these positive solutions.
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The motivation for the present work stems from many recent investiga-
 .  .tions. In fact, 1.1 , 1.2 and its particular and related cases have been the
subject matter of many recent publications on singular boundary value
w xproblems; e.g., see 4, 5, 11, 22, 26, 27, 32, 39 . Further, in the case of
 .  .second-order boundary value problems, 1.1 , 1.2 occurs in applications
involving nonlinear elliptic problems in annular regions; for this we refer
w xto 8, 9, 21, 35 . In all these applications, it is frequent that only solutions
that are positive are useful. In addition, when n s 2 the boundary value
 .  .problem 1.1 , 1.2 is a discrete model of a wide spectrum of nonlinear
phenomena such as gas diffusion through porous media, nonlinear diffu-
sion generated by nonlinear sources, thermal self-ignition of a chemically
active mixture of gases in a vessel, catalysis theory, chemically reacting
systems, adiabatic tubular reactor processes, as well as concentration in
chemical or biological problems, where only positive solutions are mean-
w xingful; e.g., see 6, 10, 12, 13, 20, 23, 33 .
 .  .We also note that the importance of 1.3 , 1.5 and its continuous
w xanalog has been well illustrated in 7, 24 respectively. As for the boundary
 .  .value problem 1.4 , 1.5 , it actually arises in applications involving the
w xdiffusion of heat generated by positive temperature-dependent sources 1 .
For instance, if s s 1 the boundary value problem occurs in the analysis
of Joule losses in electrically conducting solids as well as in frictional
heating.
w xRecently, Eloe and Henderson 14, 15 have considered the nth-order
differential equation
y n. q q t f y s 0, t g 0, 1 , .  .  .
together with the following two types of boundary conditions:
y  i. 0 s y ny2. 1 s 0, 0 F i F n y 2, .  .
and
y  i. 0 s y 1 s 0, 0 F i F n y 2. .  .
In both problems they have shown that one positive solution exists if f is
superlinear or sublinear. Their results have been generalized and extended
w x w xin 3, 37, 40, 42 . We refer to 5, 17]19, 34, 36, 41, 43 for related work. In
the case of double positive solutions, several studies on boundary value
 .  . w xproblems different from 1.1 , 1.2 can be found in 7, 16, 29]31 . Our
results not only extend the work done previously, but also complement
w xthose in 5, 25, 38, 44 , as well as include several other known criteria
w xoffered in 2 .
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The paper is organized as follows: In Section 2 we shall state a fixed
w xpoint theorem due to Krasnosel'skii 28 and present some properties of a
certain Green's function which are needed later. In Section 3, by defining
w xan appropriate Banach space and cone, the fixed point theorem from 28
 .  .is used to give existence results for two positive solutions of 1.1 , 1.2 .
 .  .  .  .Finally, the boundary value problems 1.3 , 1.5 and 1.4 , 1.5 are treated,
respectively, in Sections 4 and 5.
2. PRELIMINARIES
 .THEOREM 2.1. Let B be a Banach space, and let C ; B be a cone.
Assume V , V are open subsets of B with 0 g V , V ; V , and let1 2 1 1 2
S : C l V _V ª C .2 1
be a completely continuous operator such that either
 . 5 5 5 5 5 5 5 5a Sy F y , y g C l ­ V , and Sy G y , y g C l ­ V , or1 2
 . 5 5 5 5 5 5 5 5b Sy G y , y g C l ­ V , and Sy F y , y g C l ­ V .1 2
 .Then, S has a fixed point in C l V _V .2 1
 .  .To obtain a solution for 1.1 , 1.2 , we require a mapping whose kernel
 .G k, l is the Green's function of the boundary value problem
Dn y s 0,
Di y 0 s 0, 0 F i F p y 1, .
Di y N q 1 s 0, p F i F n y 1, .
 .where 1 F p F n y 1 is fixed. The Green's function G k, l can be explic-
w xitly expressed as 1
 .  .py1 nypy1¡ l k y i y 1 l q n y p y 1 y i .  .
, p y 1 ! n y p y 1 ! .  .is0
w xl g 0, k y 1 ,nyp~G k , l s y1 .  .  .  .py1 nypy1ky1 k y i y 1 l q n y p y 1 y i .  .
, p y 1 ! n y p y 1 ! .  .is0¢ w xl g k , N .
2.1 .
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 .  . w xFurther, the signs of the differences of G k, l w.r.t. k are known 1 as
follows:
nyp iy1 D G k , l G 0, .  .
w x w xk , l g 0, N q n y i = 0, N , 0 F i F p y 1, .
2.2 .nypqi iqpy1 D G k , l G 0, .  .
w x w xk , l g 0, N q n y i y p = 0, N , 0 F i F n y p y 1. .
 .  .nyp  .  . wRemark 2.1. From 2.2 , we have y1 DG k, l G 0, k, l g 0, N
x w x  .nyp  .q n y 1 = 0, N . Therefore, y1 G k, l is nondecreasing in k.
w x  . w x w xLEMMA 2.1. Let m g p, N be gi¨ en. For k, l g m, N q n = 0, N ,
we ha¨e
nyp nypy1 G k , l G L y1 G N q n , l , 2.3 .  .  .  .  .m
where 0 - L - 1 is a constant gi¨ en bym
G m , l .
L s min . 2.4 .m G N q n , lw x  .lg 0, N
 .Proof. Clearly, inequality 2.3 is satisfied provided that
nypy1 G k , l .  .
L F min .nypm
 . w x w x y1 G N q n , lk , l g m , Nqn = 0, N  .  .
 .nyp  .  .By the monotonicity of the function y1 G k, l Remark 2.1 , the
above inequality is the same as
G m , l .
L F min . 2.5 .m G N q n , lw x  .lg 0, N
 .Therefore, we take L to be the right-hand side of 2.5 .m
The next lemma is a direct consequence of Remark 2.1.
 . w x w xLEMMA 2.2. For k, l g 0, N q n = 0, N , we ha¨e
nyp nypy1 G k , l F y1 G N q n , l . 2.6 .  .  .  .  .
w x w .For a nontrivial y: 0, N q n ª 0, ` , we shall denote
N
nyp
a s y1 G N q n , l b l f y l 2.7 .  .  .  .  . .
ls0
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and
N
nyp
b s y1 G N q n , l a l f y l . 2.8 .  .  .  .  . .
ls0
 .  .In view of A1 and A2 , it is clear that a G b ) 0. Further, we define the
constant
b
u s L ? , 2.9 .p a
 .where L is given in 2.4 . It is noted that 0 - u - 1.p
3. EXISTENCE CRITERIA FOR DOUBLE POSITIVE SOLUTIONS
Let B be the Banach space defined by
< w xB s y y : 0, N q n ª R , 4
5 5 <  . <with norm y s max y k , and letk gw0, Nqnx
< 5 5w xC s y g B y k G 0, k g 0, N q n ; min y k G u y . .  . 5
w xkg p , Nqn
We note that C is a cone in B.
Let the operator S: C ª B be defined by
N
nyp ny1Sy k s y1 G k , l F l , y l , D y l , . . . , D y l , .  .  .  .  .  . .
ls0
w xk g 0, N q n . 3.1 .
 .  .To obtain a positive solution of 1.1 , 1.2 , we shall seek a fixed point of
the operator S in the cone C.
 .  .From 2.2 and A1 , we have
N
nypy1 G k , l a l f y l .  .  .  . .
ls0
N
nyp w xF Sy k F y1 G k , l b l f y l , k g 0, N q n . .  .  .  .  . .
ls0
3.2 .
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We shall now prove that S maps C into C. For this, let y g C. From
 .  .3.2 and A2 , it is clear that
N
nyp w xSy k G y1 G k , l a l f y l G 0, k g 0, N q n . .  .  .  .  . .
ls0
3.3 .
 .  .Further, it follows from 3.2 , Lemma 2.2, and 2.7 that
N
nyp
Sy k F y1 G k , l b l f y l .  .  .  .  . .
ls0
N
nyp w xF y1 G N q n , l b l f y l s a , k g 0, N q n . .  .  .  . .
ls0
Thus,
5 5Sy F a . 3.4 .
 .  .  .  .  .Next, in view of 3.2 , Lemma 2.1 when m s p , 2.8 , 3.4 , and 2.9 ,
w xwe find, for k g p, N q n ,
N
nyp
Sy k G y1 G k , l a l f y l .  .  .  .  . .
ls0
N
nypG L y1 G N q n , l a l f y l .  .  .  . . p
ls0
1
5 5 5 5s L b ? 1 G L b Sy s u Sy .p p a
Therefore,
5 5min Sy k G u Sy . 3.5 .  .
w xkg p , Nqn
 .  .  .Combining 3.3 and 3.5 , we have Sy g C. Hence, S C : C. Also, the
standard arguments yield that S is completely continuous.
THEOREM 3.1. Let w ) 0 be gi¨ en. Suppose that f satisfies
y1N
nyp
0 - f u F w y1 G N q n , l b l , 0 - u F w. 3.6 .  .  .  .  .
ls0
 .  .  .a If f s `, then there exists a positi¨ e solution y of 1.1 , 1.2 with0 1
5 50 - y F w.1
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 .  .  .b If f s `, then there exists a positi¨ e solution y of 1.1 , 1.2 with` 2
5 5y G w.2
 .c If f s f s `, then there exist two positi¨ e solutions y and y of0 ` 1 2
 .  .1.1 , 1.2 with
5 5 5 50 - y F w F y .1 2
 .Proof. a Let
y1N
nyp
A s u y1 G N , l a l . 3.7 .  .  .  .
lsp
Since f s `, there exists 0 - r - w such that0
f u G Au, 0 - u F r . 3.8 .  .
5 5  .  .  .Let y g C be such that y s r. Then, on using 3.2 , 3.8 , and 3.7
successively, we find
N
nyp
Sy N G y1 G N , l a l f y l .  .  .  .  . .
ls0
N
nypG y1 G N , l a l f y l .  .  .  . .
lsp
N
nypG y1 G N , l a l Ay l .  .  .  .
lsp
N
nyp
5 5 5 5G y1 G N , l a l Au y s y . .  .  .
lsp
This immediately implies that
5 5 5 5Sy G y . 3.9 .
 < 5 5 4  .If we set V s y g B y - r , then 3.9 holds for y g C l ­ V .1 1
5 5  .Next, let y g C be such that y s w. Then, in view of 3.2 , Lemma
 . w x2.2, and 3.6 , we find, for k g 0, N q n ,
N
nyp
5 5Sy k F y1 G N q n , l b l f y l F w s y . .  .  .  .  . .
ls0
Thus,
5 5 5 5Sy F y . 3.10 .
 < 5 5 4  .By setting V s y g B y - w , we see that 3.10 holds for y g C l2
­ V .2
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 .  .Having obtained 3.9 and 3.10 , it follows from Theorem 2.1 that S has
 .a fixed point y g C l V _V . Clearly, this y is a positive solution of1 2 1 1
 .  . 5 51.1 , 1.2 and r F y F w.1
 .  .  .  .b As in the proof of case a , condition 3.6 gives rise to 3.10 .
 < 5 5 4  .Hence, if we set V s y g B y - w , then 3.10 holds for y g C l1
­ V .1
Next, since f s `, we may choose T ) w such that`
f u G Au, u G T , 3.11 .  .
 . 5 5where A is defined in 3.7 . Let y g C be such that y s Tru . Then, for
w xk g p, N ,
T
5 5y k G u y s u ? s T . .
u
 .In view of 3.11 , it follows that
w xf y k G Ay k , k g p , N . 3.12 .  .  . .
 .  .  .Now, using 3.2 , 3.12 , and 3.7 , we find
N
nyp
Sy N G y1 G N , l a l Ay l .  .  .  .  .
lsp
N
nyp
5 5 5 5G y1 G N , l a l Au y s y . .  .  .
lsp
 .  < 5 5 4  .Therefore, 3.9 holds. If we set V s y g B y - Tru , then 3.92
holds for y g C l ­ V .2
 .  .Having obtained 3.10 and 3.9 , it again follows from Theorem 2.1 that
 .S has a fixed point y g C l V _V . It is clear that this y is a positive2 2 1 2
 .  . 5solution of 1.1 , 1.2 and w F y F Tru .2
 .  .  .c This is a direct consequence of cases a and b .
EXAMPLE 3.1. Consider the boundary value problem
2 y2 q 1 y2 q 1
4 w xD y k s y , k g 0, 9 , . 10 10k q 2 k q 10 .  .
y 0 s D y 0 s D2 y 10 s D3 y 10 s 0. .  .  .  .
 . 2Here, n s 4, p s 2, and N s 9. Let f y s y q 1. Then, we have
F k , y , D y , D2 y , D3 y 2 y2 q 1 1 1 .
s y .2 10 10f y y q 1 . k q 2 k q 10 .  .
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Hence, we may pick
1 1
a k s y and . 10 10k q 2 k q 10 .  .
2 1
b k s y . . 10 10k q 2 k q 10 .  .
 .  .Clearly, the hypotheses A1 and A2 are satisfied.
Note that f s f s `. Further, since0 `
f y s y2 q 1 F w2 q 1, 0 - y F w , .
 .condition 3.6 is satisfied provided that
y1N
nyp2w q 1 F w y1 G N q n , l b l .  .  .
ls0
y19 l
s w 12 y i l q 1 y i b l s 40.4w .  .  . 
ls0 is0
or, equivalently,
0.0248 F w F 40.3. 3.13 .
 . w x  .So 3.6 holds for any w g 0.0248, 40.3 . It follows from Theorem 3.1 c
that the boundary value problem has two positive solutions y and y such1 2
5 5 5 5  .that 0 - y F w F y . In view of 3.13 , we further conclude that1 2
5 5 5 50 - y F 0.0248 and y G 40.3.1 2
EXAMPLE 3.2. Consider the boundary value problem
2
2 2 w xyD y k s y q M , k g 0, 8 , .  .2219k y k q M .
y 0 s D y 9 s 0, .  .
where M ) 0.
 . 2Here, n s 2, p s 1, and N s 8. By taking f y s y q M, we may
choose
2
a k s b k s . .  . 2219k y k q M .
 .  .Clearly, the hypotheses A1 and A2 are satisfied.
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It is obvious that f s f s `. We shall find some range of M such that0 `
 .  .condition 3.6 is fulfilled for some w ) 0. For this, using expression 2.1 ,
we find
N
nypy1 G N q n , l b l .  .  .
ls0
8 82 2 90
F y G 10, l s l q 1 s .  . M M Mls0 ls0
or
y1N Mnypy1 G N q n , l b l G . 3.14 .  .  .  . 90ls0
Since
f y s y2 q M F w2 q M , 0 - y F w , .
 .  .noting 3.14 , the condition 3.6 is fulfilled if we set
M
2w q M F w .
90
Clearly, the above quadratic inequality holds for some w ) 0 if and only if
M G 32,400.
 .As an example, take M s 32,400. Then, in order that 3.6 is satisfied,
we set
y1N
nyp2f y F w q 32,400 F w y1 G N q n , l b l .  .  .  .
ls0
s 415w , 0 - y F w ,
 .which gives 105 F w F 310. By Theorem 3.1 c , there exist two positive
5 5 5 5solutions y and y with 0 - y F w F y . Noting the range of w, it is1 2 1 2
clear that
5 5 5 50 - y F 105 and y G 310.1 2
 .  .In fact, one positive solution is given by y k s k 19 y k and we note
5 5that y s 90 is within the range given above.
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THEOREM 3.2. Let w ) 0 be gi¨ en. Suppose that f satisfies
y1N
nyp
f u G w y1 G p , l a l , u w F u F w. 3.15 .  .  .  .  .
lsp
 .  .  .a If f s 0, then there exists a positi¨ e solution y of 1.1 , 1.2 with0 1
5 50 - y F w.1
 .  .  .b If f s 0, then there exists a positi¨ e solution y of 1.1 , 1.2 with` 2
5 5y G w.2
 .c If f s f s 0, then there exist two positi¨ e solutions y and y of0 ` 1 2
 .  .1.1 , 1.2 with
5 5 5 50 - y F w F y .1 2
 .Proof. a We define
y1N
nyp
e s y1 G N q n , l b l . 3.16 .  .  .  .
ls0
Since f s 0, there exists 0 - d - w such that0
f u F e u , 0 - u F d . 3.17 .  .
5 5  .  .Let y g C be such that y s d . Then, applying 3.2 , Lemma 2.2, 3.17 ,
 .and 3.16 successively yields
N
nyp
Sy k F y1 G N q n , l b l f y l .  .  .  .  . .
ls0
N
nypF y1 G N q n , l b l e y l .  .  .  .
ls0
N
nyp
5 5 5 5 w xF y1 G N q n , l b l e y s y , k g 0, N q n . .  .  .
ls0
 .  < 5 5 4Hence, 3.10 follows immediately. If we set V s y g B y - d , then1
 .3.10 holds for y g C l ­ V .1
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5 5  .Next, let y g C be such that y s w. Then, it follows from 3.2 and
 .3.15 that
N
nyp
5 5Sy p G y1 G p , l a l f y l G w s y . .  .  .  .  . .
lsp
 .  < 5 5 4This immediately gives 3.9 . By setting V s y g B y - w , we see2
 .that 3.9 holds for y g C l ­ V .2
 .  .Having obtained 3.10 and 3.9 , it follows from Theorem 2.1 that S has
 . 5 5a fixed point y g C l V _V such that d F y F w. Clearly, this y1 2 1 1 1
 .  .is a positive solution of 1.1 , 1.2 .
 .  .  .b It is seen in the proof of case a that condition 3.15 leads to
 .  < 5 5 4  .3.9 . So if we set V s y g B y - w , then 3.9 holds for y g C l1
­ V .1
 .Next, let e be defined as in 3.16 . Since f s 0, we may choose M ) w`
such that
f u F e u , u G M . 3.18 .  .
5 5  .  .Let y g C be such that y s M. Then, by 3.2 , Lemma 2.2, and 3.18 ,
w xwe find, for k g 0, N q n ,
N
nyp
5 5Sy k F y1 G N q n , l b l e y l F y . .  .  .  .  .
ls0
 .  < 5 5 4Therefore, 3.10 holds. By setting V s y g B y - M , we see that2
 .3.10 holds for y g C l ­ V .2
 .  .Now that we have obtained 3.9 and 3.10 , once again it follows from
 .Theorem 2.1 that S has a fixed point y g C l V _V such that2 2 1
5 5  .  .w F y F M. It is clear that this y is a positive solution of 1.1 , 1.2 .2 2
 .  .  .c This is immediate from cases a and b .
EXAMPLE 3.3. Consider the boundary value problem
6
3 2 2D y k s exp k k y 27k q 242 y exp yy , .  .  .22 2k k y 27k q 242 .
w xk g 0, 7 ,
y 0 s D y 8 s D2 y 8 s 0. .  .  .
 . 2 yyHere, n s 3, p s 1, and N s 7. By taking f y s y e , we may choose
6
2a k s b k s exp k k y 27k q 242 .  .  .22 2k k y 27k q 242 .
 .  .so that the hypotheses A1 and A2 are satisfied.
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It is obvious that f s f s 0. We aim to find some w ) 0 such that0 `
 .  .condition 3.15 is fulfilled. For this, it is noted that f y is nondecreasing
w x w .for y g 0, 2 and nonincreasing for y g 2, ` . Further, from expressions
 .  .  .2.9 , 2.4 , and 2.1 , we compute that
b G 1, l l q 1 2 .
u s L s L s min s min s .1 1a G 10, l l q 1 l q 2 r2 9w x w x .  .  .lg 0, 7 lg 0, 7
 .Case 1. Let u w G 2 or w G 9 . Then, by the monotonicity of f , we
have
f y G w2eyw , u w F y F w. .
 .Consequently, 3.15 is satisfied if we impose
y1N
2 yww e G w G p , l a l . .  .
lsp
By computation, the above inequality is fulfilled for 9 F w F 100. Hence,
 .by Theorem 3.2 c , the boundary value problem has two positive solutions
5 5 5 5 w xy and y such that 0 - y F w F y . Since w g 9, 100 , we further1 2 1 2
conclude that
5 5 5 50 - y F 9 and y G 100.1 2
 .  2 .In fact, one positive solution is given by y k s k k y 27k q 242 and
5 5y s 720 is within the above range.
Case 2. Let w F 2. Then, once again, it follows from the monotonicity
of f that
2 yu wf y G u w e , u w F y F w. .  .
 .Therefore, 3.15 is satisfied if we set
y1N
2 yu wu w e G w G p , l a l . .  .  .
lsp
It can be checked that the above inequality holds for 0 - w F 2. Thus, by
 .Theorem 3.2 c again, the boundary value problem has two positive solu-
5 5 5 5  xtions y and y such that 0 - y F w F y . Since w g 0, 2 , it follows1 2 1 2
that
5 5 5 50 - y F e and y G 2,1 2
where e ) 0 is small. As in Case 1, we remark that one positive solution is
known and its norm is within the range given above.
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 .  .4. DOUBLE POSITIVE SOLUTIONS OF 1.3 , 1.5
THEOREM 4.1. Let w ) 0 be gi¨ en. Suppose that
N w
l q 1 h l F . 4.1 .  .  . m nw q wls0
 .  .Then, the boundary ¨alue problem 1.3 , 1.5 has two positi¨ e solutions y1
and y such that2
5 5 5 50 - y F w F y .1 2
 .  .  . m n .  . mProof. In Eq. 1.3 , F k, y s h k y q y . If we take f y s y q
yn, then we may pick
a k s b k s h k . .  .  .
It is also noted that f s f s `.0 `
Next, since
f u F w m q wn , 0 - u F w , .
 .it follows that 3.6 is fulfilled provided that
y1N
nypm nw q w F w y1 G N q n , l b l . 4.2 .  .  .  .
ls0
 .Noting that n s 2 and p s 1, from expression 2.1 we compute that
 .  .  .yG N q 2, l s l q 1. Therefore, the inequality 4.2 is exactly 4.1 .
 .The conclusion is now clear from Theorem 3.1 c .
w xRemark 4.1. In 37 we have also discussed the boundary value problem
 .  .  .1.3 , 1.5 and obtained, corresponding to 4.1 , the following condition:
N w
N q 2 h l F . .  . m nw q wls0
 .  .Clearly, this is a stronger condition than 4.1 , and hence 4.1 is an
improvement.
 .  .EXAMPLE 4.1. Consider the boundary value problem 1.3 , 1.5 with
 .N s 10. Let w s 1 be given. Then, condition 4.1 reduces to
10
1l q 1 h l F . 4.3 .  .  . 2
ls0
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 .  .By Theorem 4.1, for those h k which fulfill 4.3 , the boundary value
problem has double positive solutions y and y such that1 2
5 5 5 50 - y F 1 F y .1 2
 .  . w  .xy1  . 2 .Some examples of such h k are h k s 80 k q 1 , 1r120 rsin kr3 .
Now, we shall establish upper and lower bounds for the two positive
 .  .solutions of 1.3 , 1.5 .
THEOREM 4.2. We define
u Nm
f u s max l q 1 h l . .  .  . /N q 1w xmg 1, N lsm
Let
 .  .1r 1ym 1r 1ynw s f m and w s f n . .  .1 2
 .Suppose that w ) 0 is gi¨ en and 4.1 holds. Then, the boundary ¨alue
 .  .problem 1.3 , 1.5 has two positi¨ e solutions y and y such that1 2
 .  4a if w - min w , w , then1 2
5 5 5 5  40 - y F w F y F min w , w ;1 2 1 2
 .  4  4b if min w , w - w - max w , w , then1 2 1 1
5 5 5 5 4  4min w , w F y F w F y F max w , w ;1 2 1 2 1 2
 .  4c if w ) max w , w , then1 2
5 5 5 5 4max w , w F y F w F y .1 2 1 2
 .  .Proof. Since 4.1 is satisfied, it follows from Theorem 4.1 that 1.3 ,
 .1.5 has double positive solutions y and y such that3 4
5 5 5 50 - y F w F y . 4.4 .3 4
To establish upper and lower bounds for the two positive solutions, for
w xan arbitrary m g 1, N , we let C be a cone in B defined bym
w xC s y g B ¬ y k is nonnegative on 0, N q 2 ; .m 
m
5 5min y k G y . 4.5 .  .5N q 1w xkg m , Nq2
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Define the operator S: C ª B bym
N
m n w xSy k s y g k , l h l y l q y l , k g 0, N q 2 , .  .  .  .  .
ls0
where
w xl q 1, l g 0, k y 1 ,
<g k , l s G k , l s y 4.6 .  .  .ns2, ps1  w xk , l g k , N .
 .  .To obtain a positive solution of 1.3 , 1.5 , we shall seek a fixed point of S
in the cone C .m
First, we shall show that the operator S maps C into itself. For this, letm
 . w xy g C . It is obvious that Sy k is nonnegative on 0, N q 2 . Further, bym
 . w xLemma 2.2 and 4.6 , it is clear that, for k g 0, N q 2 ,
N
m n
Sy k F y g N q 2, l h l y l q y l .  .  .  .  .
ls0
N
m ns l q 1 h l y l q y l . .  .  .  .
ls0
This implies that
N
m n
5 5Sy F l q 1 h l y l q y l . 4.7 .  .  .  .  .
ls0
 .  .Now, from 2.4 and 4.6 , we have
g m , l g m , l .  .
L s min s minm g N q 2, l y l q 1w x w x .  .lg 0, N lg 0, N
l q 1 m
s min min , min 5l q 1 l q 1w x w xlg 0, my1 lg m , N
m m
s min 1, s . 5N q 1 N q 1
 .  . w xThus, applying Lemma 2.1, 4.7 , and 4.6 , we find, for k g m, N q 2 ,
N
m n
Sy k G L yg N q 2, l h l y l q y l .  .  .  .  . m
ls0
N m mm n
5 5s l q 1 h l y l q y l G Sy . .  .  .  . N q 1 N q 1ls0
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Consequently,
m
5 5min Sy k G Sy .
N q 1w xkg m , Nq2
and so Sy g C . Also, the standard arguments yield that S is completelym
continuous.
5 5Let y g C be such that y s w. Then, it follows from Lemma 2.2,m
 .  .4.6 , and 4.1 that
N
m n
Sy k F y g N q 2, l h l y l q y l .  .  .  .  .
ls0
N
m n 5 5 w xF l q 1 h l w q w F w s y , k g 0, N q 2 . .  .  .
ls0
Hence,
5 5 5 5Sy F y . 4.8 .
 < 5 5 4  .By setting V s y g B y - w , we see that 4.8 holds for y g C l ­ V.m
Now, let y g C . It is clear thatm
N
m n
5 5Sy s max y g k , l h l y l q y l .  .  .  .
w xkg 0, Nq2 ls0
N
m ns y g N q 2, l h l y l q y l .  .  .  .
ls0
N
m nG y g N q 2, l h l y l q y l .  .  .  .
lsm
m nN m m
m n5 5 5 5G y g N q 2, l h l y q y . .  .  /  /N q 1 N q 1lsm
 .Using the expression 4.6 in the last inequality and then taking maximum
over m, it follows immediately that
5 5 5 5 m 5 5nSy G f m y q f n y . 4.9 .  .  .
5 5  .Let y g C be such that y s w . Then, 4.9 providesm 1
5 5 5 5 m 5 5 my1 5 5 5 5Sy G f m y s f m y y s y . 4.10 .  .  .
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 < 5 5 4  .If we set V s y g B y - w , then 4.10 holds for y g C l ­ V .1 1 m 1
 .  .Now that we have obtained 4.8 and 4.10 , it follows from Theorem 2.1
that S has a fixed point y such that5
5 5 4  4min w , w F y F max w , w . 4.11 .1 5 1
5 5  .Similarly, if we let y g C be such that y s w , then from 4.9 wem 2
get
5 5 5 5n 5 5ny1 5 5 5 5Sy G f n y s f n y y s y . 4.12 .  .  .
 < 5 5 4  .By setting V s y g B y - w , we see that 4.12 holds for y g C l2 2 m
 .  .­ V . Having obtained 4.8 and 4.12 , once again by Theorem 2.1 we2
conclude that S has a fixed point y such that6
5 5 4  4min w , w F y F max w , w . 4.13 .2 6 2
 .  .  .Now, a combination of 4.4 , 4.11 , and 4.13 yields our result. To be
 .more precise, in case a we may pick
y , w F w ,5 1 2y s y and y s1 3 2  y , w G w .6 1 2
 .In case b , it is clear that
y , y , w F w , .5 6 1 2y , y s .1 2  y , y , w G w . .6 5 1 2
 .Finally, in case c we shall take
y , w F w ,6 1 2y s and y s y .1 2 4 y , w G w5 1 2
EXAMPLE 4.2. Consider the boundary value problem
1
2 1r2 3 w xD y q y q y s 0, k g 0, 8 , .3k q 10 .
y 0 s D y 9 s 0. .  .
 .  .y3  .Here, N s 8, m s 1r2, n s 3, and h k s k q 10 . Condition 4.1
is equivalent to
8w
G l q 1 h l s 0.0145, .  .1r2 3w q w ls0
which is satisfied for any 0 - w F 8.27.
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By direct computation, we find that
21 y1r2y5w s f s 3.54 = 10 and w s f 3 s 25.9. .1 2 /2
 .  .Case 1. Let w g 0, w . Then, by Theorem 4.2 a , the boundary value1
problem has two positive solutions y and y such that1 2
5 5 5 50 - y F w F y F w .1 2 1
Noting the range of w, the above inequality leads to
5 5 y5 5 5 y50 - y F e and 3.54 = 10 y e F y F 3.54 = 10 , 4.14 .1 2
where e ) 0 is small.
 xCase 2. Let w g w , 8.27 . Then, it can be concluded from Theorem1
 .4.2 b that the boundary value problem has two positive solutions y and3
y such that4
5 5 5 5w F y F w F y F w .1 3 4 2
 xAgain, since w g w , 8.27 , the above inequality implies1
y5 5 5 y5 5 53.54 = 10 F y F 3.54 = 10 q e and 8.27 F y F 25.9,3 4
4.15 .
where e ) 0 is small.
 .  .Combining 4.14 and 4.15 , we see that the boundary value problem
 .has four at least positive solutions.
 .  .5. DOUBLE POSITIVE SOLUTIONS OF 1.4 , 1.5
THEOREM 5.1. Let w ) 0 be gi¨ en. Suppose that
N
ys wl q 1 h l F we . 5.1 .  .  .
ls0
 .  .Then, the boundary ¨alue problem 1.4 , 1.5 has two positi¨ e solutions y1
and y such that2
5 5 5 50 - y F w F y .1 2
 .  .  . s y  . s yProof. In Eq. 1.4 , F k, y s h k e . By taking f y s e , we may
choose
a k s b k s h k . .  .  .
Also, it is obvious that f s f s `.0 `
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Noting that
f u F es w , 0 - u F w , .
 .we see that condition 3.6 is satisfied provided that
y1 y1N N
nyps we F w y1 G N q n , l b l s w l q 1 h l , .  .  .  .  . 
ls0 ls0
 .or, equivalently, inequality 5.1 holds.
The conclusion of the theorem follows immediately from Theorem
 .3.1 c .
EXAMPLE 5.1. Consider the boundary value problem
2 yr2 w xD y q h k e s 0, k g 0, 9 , .
y 0 s D y 10 s 0. .  .
 .Let w s 1 be given. Here, N s 9, s s 1r2, and condition 5.1 reduces to
9
y1r2l q 1 h l F e . 5.2 .  .  .
ls0
 .  .By Theorem 5.1, for those h k which fulfill 5.2 , the boundary value
problem has two positive solutions y and y such that1 2
5 5 5 50 - y F 1 F y .1 2
 .  . w  .xy1  . 2Some examples of such h k are h k s 5 3k q 7 , 1r50 cos k.
Our next result offers upper and lower bounds for the two positive
 .  .solutions of 1.4 , 1.5 .
 .  4THEOREM 5.2. Let i, j i / j be gi¨ en integers in the set 0, 2, 3, . . . . We
define
u N1 s m
c u s max l q 1 h l . .  .  . /u! N q 1w xmg 1, N lsm
Let
 .  .1r 1yj 1r 1yiw s c j and w s c i . .  .1 2
 .Suppose that w ) 0 is gi¨ en and 5.1 holds. Then, the boundary ¨alue
 .  .problem 1.4 , 1.5 has double positi¨ e solutions y and y such that1 2
 .  .conclusions a ] c of Theorem 4.2 hold.
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 .Proof. Since 5.1 is fulfilled, by Theorem 5.1 the boundary value
 .  .  .problem 1.4 , 1.5 has double positive solutions y and y such that 4.43 4
holds.
To establish further upper and lower bounds for the two positive
w x  .solutions, let m g 1, N and C be a cone in B defined by 4.5 . Further,m
we define the operator S: C ª B bym
N
s y l . w xSy k s y g k , l h l e , k g 0, N q 2 , .  .  .
ls0
 .  .  .  .where g k, l is given in 4.6 . To obtain a positive solution of 1.4 , 1.5 ,
we shall seek a fixed point of S in the cone C . As in the proof ofm
Theorem 4.2, it can be verified that S maps C into itself and S ism
completely continuous.
5 5  .Let y g C be such that y s w. Then, applying Lemma 2.2, 4.6 , andm
 . w x5.1 , we obtain, for k g 0, N q 2 ,
N N
s y l . s w 5 5Sy k F y g N q 2, l h l e F l q 1 h l e F w s y . .  .  .  .  . 
ls0 ls0
Consequently,
5 5 5 5Sy F y . 5.3 .
 < 5 5 4  .If we set V s y g B y - w , then 5.3 holds for y g C l ­ V.m
Next, let y g C . We find thatm
N
5 5Sy s y g N q 2, l h l exp s y l .  .  .
ls0
N
G y g N q 2, l h l exp s y l .  .  .
lsm
N s m
5 5G y g N q 2, l h l exp y .  .  /N q 1lsm
j iN j i5 5 5 5s m y s m y
G y g N q 2, l h l q , .  .  /  /N q 1 j! N q 1 i!lsm
where in the last inequality we have used the relation
u j ui
ue G q , u ) 0.
j! i!
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 .Using the expression 4.6 and then taking maximum over m, we obtain
5 5 5 5 j 5 5 iSy G c j y q c i y . 5.4 .  .  .
 .Following a similar technique as in the proof of Theorem 4.2, from 5.4
it follows that
5 5 5 5Sy G y 5.5 .
for y g C l ­ V as well as for y g C l ­ V , where1 2
< 5 5 < 5 5V s y g B y - w and V s y g B y - w . 4  41 1 2 2
 .  .Now that we have obtained 5.3 and 5.5 , by Theorem 2.1, S has fixed
points y and y satisfying5 6
5 5 4  4min w , w F y F max w , w 5.6 .1 5 1
and
5 5 4  4min w , w F y F max w , 2 . 5.7 .2 6 2
 .  .Again, as in the proof of Theorem 4.2, a combination of 4.4 , 5.6 , and
 .  .  .5.7 leads to conclusions a ] c immediately.
EXAMPLE 5.2. Consider the boundary value problem
2
2 w xD y q exp yr10 s 0, k g 0, 8 , .2exp 19k y k r10 .
y 0 s D y 9 s 0. .  .
 .Let i s 2 and j s 0 be given. Here, N s 8, s s 1r10, and h k s
w  2 . x  .2 exp y 19k y k r10 . By direct computation, condition 5.1 is satisfied
provided that
4.82 F w F 18.0. 5.8 .
Further, we compute that
y1w s c 0 s 0.975 and w s c 2 s 12,904. .  .1 2
 .  .Since w g w , w , it follows from Theorem 5.2 b that the boundary1 2
value problem has two positive solutions y and y such that1 2
5 5 5 5w F y F w F y F w .1 1 2 2
 .In view of 5.8 , we further conclude that
5 5 5 50.975 F y F 4.82 and 18.0 F y F 12,904. 5.9 .1 2
 .  .In fact, a positive solution is given by y k s k 19 y k and we note that
5 5  .y s 90 is within the range obtained in 5.9 .
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